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INVERSE TRIGONOMETRIC FUNCTIONS

BASIC CONCEPTS

Function Domain Range
T T
1. y=sin' xiffx=siny —-1<x<1, )
2 y=cos!'xiffx=cosy -1<x<1 [0, ]
T T
3. y=tan' x iff x=tany —0 <X <O Y
22
4, y=cot!xiffx=coty —0 <X <0 [0, = ]
v T
5. y=cosec! x iff x = cosec y (—o0, —1] U[L, 0] [—3.0) U (0,5i|
bis T
6. y=sec!xiffx=secy (o0, —1] U1, ] O'E U 2"

o A

(i) Sin7!x & tan! x are increasing functions in their domain.

(ii) Cos'x & cot!x are decreasing functions in over domain.

PROPERTY — | = x=sinb

@) sin'x+cos'x=n/2,forallx e [-1,1] = XECOSG_GJ
Sol. Let,sin'x=0 ..()
then, 0 e [ /2, 2] [-xe[-1,1]] —  cos’ x=§—9
= -—-w2L0<n2
o D <—8<a {--xe[-1,1]and (n/2-6) € [0, t])
= 0B+coslx=n22 (i)
= 0= g— 0<n from (i) and (ii), we get
. L. T
- g—ee[O,n] s~ x +cos x——2—

Now, sin!'x=0
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(i) tan'x+cot'x=n/2,forallx e R
Sol. Let, tan'x=90 o (@)
then, 6 € (-7/2, n/2) {-+x€R)

TpT
= 35753
T T

——<-0<=
= 2 2

= (g—@)e(o,n)

Now, tan'x=0
= x=tanb
= x=cot(n/2-6)

4@
— cot1x=5—9 {--m/2—0e (0, )}

—  O+cot’ x=§ .. (ii)

from (i) and (ii), we get

tan'x +cot' x = 1/2
(iii) sec'+cosec'x= g, forallx e (—oo, 17U [1,0)

Sol. Let,sec'x=0 )
then, 0 € [0, ] — {n/2}  {--x e (—oo,-1]U[]l,x)}
= 0<0<m0=n2

= -n<-0<£0,0#m1/2

= - sg—esg,g—wo

™ ™ T T
= (E—eje[—a,ail,g—eio

Now, sec'x=0

SR

= x=secHh
= x=cosec(w/2-0)

= cosec'x=m/2—-0

b

= B+cosec'x=m2 .3
from (i) and (ii); we get

sec”!x + cosec! x = w/2
PROPERTY =l

1
@ sin! (—) =cosec™' x, forallx € (-, 1]U[1, )
X

Sol. Let,cosec'x=0 ()

then, x = cosec 0

= l=sin8
X

{-x€(—0,-1]U[l,0)= i e[-1,1] {0}
cosec'x=0=0 € [- /2, /2] - {0}
=~ f=sin" (l] . ()
X

from (i) and (ii); we get
. ( 1 ) N
sin” | — |=cosec” X
X

1
(i) cos?! [;j =sec! x, forall x € (—oo, 1]U[1, )

Sol. Let, sec'x=8 ()
then, x € (w0, 1] U [1, ) and 6 € [0, ®] — {r/2}
Now, sec'x=0

= x=sech

1
- —=cos6
X

= @=cos™ [lJ ... (i)
X
X = (—00, —1]U[l, )
= L e[-1,1]— {0} and 6 [0, ]
X
from (i) & (ii), we get

cos™' (lJ =sec” (X)

X
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(iii) tan™ (lj _ cot"x , forx>0 tan™ (;(l—j =—n+cot™ x,if x<0
X —n+cot™! x, forx<0
. Hence,

Sol. Letcot'x=0.ThenxeR,x=0and 6 < [0, «] .. ()

Now two cases arises : . _1( 1 j cot'x, forx>0

an” | — |=
Casel: Whenx>0 X -m+cot”' x, forx<0
In this case, 6 € (0, n/2)
i _ PROPERTY -1l

cot'x=90

= x=coth (i) cos'(=x)=mn—cos'(x),forallx e[-1,1]

N 1 tan © (i) sec, (x)=m—sec!x, forall x € (—o0,—1] U [1,0)

® (iii) cot!(=x)=m—cot!x, forallx eR
L (1 (iv) sin!(—x)=-sin'(x),forallx e [-1, 1]
6=tan | — ... i)
X ) tan!'(=x)=-—tan'x, forallx e R
from (i) and (ii), we get {--8e(0,/2)} (vi) cosec!(—x)=-—cosec'x, forallx € (—o,-1] U1, )

1 Sol. (ii) Clearly,—x € [-1, 1] forallx € [-1, 1]
tan~ [—] =cot™ x, forall x > 0.

X let cost(—x)=60 (i)
Case Il : Whenx <0 then, —x =cos 6
In this case 0 € (n/2, T) {-+x=cot0<0) = =—cos 0

= x=cos(n-0)

Now, I co<n
2 {-xe[-1,1]andn—0 € [0, r] for all © € [0, =]

cos'x=n—-0

- -L<p-n<0 .
2 = 0=m—cos'x .. (ii)
= 0-me(—n/2,0) from (1) and (ii), we get
cot'x=0 cos ' (x)=m—cos'x

= x=cotd Similarly, we can prove other results.

. 1 =tan © (i) Clearly,—x € [-1, 1] forallx € [-1, 1]
X letsin! (—x) =6

1 then,—x=sin 0 (1)
= —=—tan(n—0) ’
X = x=-s5inb

x=sin (—0)

U

1
= —=tan(9-m) {-- tan (n—6) =—tan 0}
X = —0=sin'x
1 {-+xe[-1,1]and -0 € [-n/2, w/2] for all 0 € [-n/2, /2]
= 0O-m=tan!|— {+0—me(—n2,0)}
X = 0=-sin!x ..(i)

from (1) and (ii), we get

= tan"[l}—me ... (iii) i (—x) = — sin-?
X sin”! (—=x) =—sin (x)

from (i) and (iii), we get
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PROPERTY - IV

() sin(sin'x)=x,forallx e [-1,1]

(i) cos(cos?x)=x, forallx e [-1,1]

(iii) tan(tan'x)=x, forallx e R

(iv) cosec (cosec!x)=x, forallx e (—0,-1]U[1, )
(v) sec(sec'x)=x, forallx e (—0,-1]U[1,0)

(vi) cot(cot'x}=x,forallx eR

Sol. We know that, if f : A — B is a bijection, then f1: B — A
exists such that fof! (y) = f(f1(y)) =y forally € B.

Clearly, all these results are direct consequences of this
property.

Aliter : Let0 e [-n/2, /2] and x € [-1, 1] such that sin 0=
X

then, 6 =sin"'x
X =sin 0 =sin (sin"'x)
Hence, sin (sin"'x) =x forall x € [-1, 1]
Similarly, we can prove other results.
Remark : It should be noted that,
sin”! (sin 6) # 0, if ¢ [ 7/2, /2]. Infact, we have

-t—-0, if0e[-3n/2,-x/2]
. i 0, if 0e[-n/2, n/2]
sin” (sin 8) = .
n—0, if 6e[r/2,3n/2]
2n+0, if6e[3n/2,5n/2] andsoon
Similarly,
-6, it 0 e[—m, 0]
1 0, if 8 e[0, n]
cos  (cos 0) = i
2n—-8, if8e[m 2n]
—27n+6, if 6e[2m, 3n] and so on.
-n—0, if6e[-3n/2,—n/2]
0 if 0e[-n/2,7/2
tan™' (tan ) = ’ 1 €l-n/2,n/2]
0-n, if0e[n/2,3n/2]
0—2n, if 0e[3n/2,57/2] andsoon.

PROPERTY -V

(i) Sketch the graph for y = sin™ (sin x)
Sol. As, y=sin™ (sin x) is periodic with period 2.

to draw this graph we should draw the graph for one interval
of length 2r and repeat for entire values of x.

As we know,
X; —ESXSE
sin”! (sin x) = 2 2 3
(m—x); Tep_x<Z i.e.,Est—Tc
2 2 2 2
X, —ESXSE
or sin” (sinx)= 2 3 2
T—X, Eﬁxs—n,
2 2

which is defined for the interval of length 2 m, plotted as ;

A
Repeated Curve Main Curve  Repeated Curve
/2
----------------------- -/------- oy =7/
& 2 AL
KA L N A
3* \\\\ 1// 2, L /+r’ "L\‘ XOI'yZO
NS Y n\ R
K4 # 2 2 2. +
(R DO NN URVUEE, g | U SR RPN, o O - Pyv=—m/2
—n/2 Y

Thus, the graph for y = sin™! (sin x), is a straight linc up and
a straight line down with slopes 1 and —1 respectively lying

59
between 29|

Students are adviced to learn the definition of sin?' (sinx) as,

x+271 —S—TESXS—3—TE
2 2
Tox —%s)cs—g
s et T 7
=sin’ (sin X) =< x ] ——<x<—
Y (sin x) 3 5
B § Bgnadd
2 2
37 St
X—2n ; 7£x£7 ... and so on
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(i) Sketch the graph for y = cos™ (cos x).
Sol. As,y=cos(cos x) is periodic with period 2.
to draw this graph we should draw the graph for one interval @) tan'x+tan'y=tan™ 1X_+xy ,xy<1
of length 27 and repear for entire values of x of length 2. y
As we know; -y
(i) tan'x-—tan'y=tan™ — xy>—1

X; 0<x<n
2n—x; 0L2x—x<m,

cos ' (cos X) = {

2x
(i) 2tan'x=tan 2 [x|<1

4 X; 0<x<m
or cos (cosx)=
2n—x; w<x<2m,

2x
(iv) 2tan'x=sin! L [x|<1
Thus, it has been defined for 0 < x< 27 that has length 27, x

So, its graph could be plotted as; 2
(v) 2tan'x=cos’ 7>Xx20
y I+x
FS
(m, ™) _

s e VL. S PEPPRPR ry=m e e \/_2 2
’ o % 2% V1) SInT X+ SInTy =S8 (X /1 — —
R ) S et

ot R + e R
2 i Y t pxory=0 vii) sin'x—sin!y=sin!(x /1 —v* —v+/1—x2
o = 2t 3 4« (vi) y & \l-y" —yN1-x")

(viii) cos'x +cosy =cos (xy— 1-x2 \/I-y?)
() cos'x—costy=cos?(xy+ \1—x2 /- y2)

(® Iftan”'x +tan’ly +tan'z=tan™
to draw this graph we should draw the graph for one interval {

Thus, the curve y = cos™ (cos x).
(iii) Sketch the graph for y = tan™! (tan x).
Sol. Asy=tan™ (tan x) is periodic with period .

X+y+z—Xyz

of length © and repeat for entire values of x. I xy—yz— zx:l if x>0,y>0,2>0&

As we know; tan™ (tan x) = {x;—£<x<£} xy+yz+zx<l1
2 2 Note :

@) Iftan™ x +tan'y + tan'z=n thenx +y + z=xyz

: T T
_r =z - T
Thus, it has been defined for 3 <xX< 5 that has length 7. (i) Iftan x +tan"'y + tan'z = 2 then'xy +yz-rzr=1

So, its graph could be plotted as; REMEMBER THAT:
Yy : -1 in-1 -l 37[
i (i) sin'x+sin'y+sintz= > = x=y=z=1
---------- il B St ShLb e bbbt e Ak (i) cos'xtcos'ytcos'z=3nx=y=z=-1
L 1/ | //{\ %ﬂ' [ 11;1" P, (iii) tan™ 1+tan'2+2tan’' 3=
32 A -2 _/ O T 3n2 on  sup
------------------ N e e pY=—T/2 1 1 T
tan™' 1 +tan™ —+tan — =
2 3 2

Thus, the curve for y = tan™ (tan x), where y is not defined

forx e (2n+1)g .




